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The phase separation of symmetric non-additive hard discs mixtures is studied. For that purpose, Monte Carlo simulations
are implemented for accessing both phase separation behaviour and its kinetics. The latter is monitored by the evolution of
the cluster size distribution of the less concentrated species. The kinetic data are then compared to the stochastic solutions of
the master equation, which constitute a reduced description of the same phenomenon. The obtained good agreement points
out the success of this simple numerical method for correctly describing the reversible nature of the drop-like clusters.
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1. Introduction

It is common use in physics to average out relatively small
and fast moving particles from the system to gain
simplicity on the framework to be developed, i.e. to
integrate out a subset of degrees of freedom [1-3]. A few
examples are: expressing the Hamiltonian of a system as a
function of the nuclear variables only, by averaging out the
rapid motion of electrons; integrating out positions and
momenta of the solvent to obtain the effective interactions
between larger colloidal particles; and even considering
fluids as continuous medium when dealing with engineer-
scale problems of mass, heat and momentum transfer [4].
In the same spirit, in this work, we attempt to obtain a
dynamic and structural reduced description of a binary
mixture by only explicitly taking into account the
aggregation state — the cluster size distribution (CSD) —
of the less concentrated species.

In order to build this CSD-based description, it is
necessary to first obtain the correct behaviour of the binary
mixture by means of well-established computational
techniques. Thus, different types of Monte Carlo (MC)
simulations are performed to gain insight into the many
dynamical and structural aspects of this system. For the
sake of simplicity, the studied system is a two-dimensional
(2D) mixture of positive and symmetrical non-additive
hard discs (NAHD). We choose the NAHD mixture since,
to our knowledge, this is one of the simplest binary models
which shows phase separation at certain conditions [5,6].
In addition, 2D non-additive interactions have been used
to study the morphology of composite polymer particles
[7], and the solubility of molecular additives in different
solvents [8]. Finally, this model has no energetic

contribution to the system free energy, and so phase
separation is purely entropy-driven (many phase separ-
ation processes in the colloidal domain are ruled by
entropy [9]).

Once the phase behaviour and the kinetic description
are obtained, for different conditions and by means of
simulations, one is ready to implement the master equation
approach to the same phenomena. This formalism
describes the time evolution of the probability of the
system to occupy each one of a discrete set of states, and
has been successfully applied to many different physical
phenomena ranging from quantum field theory to colloidal
aggregation, passing through chemical reactions [10—14].
In our case, the states are defined by the CSD of the less
concentrated species only, and consequently, the amount
of information to be handled is strongly reduced (all
particle positions and momenta are not explicitly
considered).

The paper is structured as follows: Section 1 is this
brief introduction. Section 2 details the numerical methods
employed in this work: simulations and the master
equation approach. In Section 3, we show the obtained
results. Finally, Section 4 highlights the most important
contributions.

2. Numerical techniques
2.1 Simulations

The NAHD model [5,6] is employed for studying the
phase separation of a binary fluid. This model consists of a
mixture of hard discs A and B of diameter o5 = 0 = o
(we forced symmetry between A and B particles), which
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interact by means of

o forr = o,
Uir) = 0 forr > o,

oo forr = o(1+A),
Uy(r) = 0 forr > o(1 + A),

where U;; (i = A or B) is the pair potential energy for like
particles, U; (j = A or B and j 7 i) is the pair potential
energy for unlike particles, r is the distance between the
centres of the interacting particles and A is the non-
additive parameter.

For a negative value of the non-additivity parameter
(A < 0), the binary mixture shows a tendency to form
A—B coordinated clusters, i.e. to form a mixture of A—B
particles. On the other hand, for a positive non-additivity
(A > 0), the system tends to segregate A and B particles.
That is, to increase entropy (to gain free accessible space),
the binary mixture decreases the number of A—B pairs.
When the total system density reaches a large enough value,
the mixture phase separates yielding A-rich and B-rich
phases. For a relatively small A particle concentration, the
overall behaviour can be seen as the growing of A clusters.
We focus our attention on this process, setting A = 0.2 and
working with A diluted systems.

The system is defined on a square 2D cell with side
L =800 (unless otherwise indicated). Initially, N
A-particles and Ng B-particles are randomly placed inside
the cell avoiding overlaps. Then, three different simulation
techniques are used to make the system evolve. Semigrand
canonical ensemble MC simulations are used to produce
the coexistence curve for a given total number of particles,
Nt = N + Np [15,16]. This technique uses the standard
MC particle displacements, together with identity
exchange and interchange trials. Identity exchange trials
consist of choosing a particle and trying to switch its type
from A to B or vice versa. Interchange trials are done by
choosing two particles of different types and attempting to
interchange their labels (A— B and B — A). Thus,
identity exchanges lead to fluctuations of N, and Ny
keeping a constant N, while interchange changes also
keep N, and Np unchanged. These trials yield, for small A,
a fast evolution of the system towards equilibrium, given a
total number density pr = Nro?/L2. For large A values,
cluster moves are shown to be more efficient [17].
This type of simulation allows us to measure the relative
A-particle fraction, X5 = Na/Nt. For conditions around
the consolute point, (X§, p), fluctuations make it difficult
to determine the coexistence curve. Consequently,
it is useful to measure (X, p}). This is done by monitoring
the reduced second moment of m =2X, — 1, rsm =
(m2)/{|ml)*, as described elsewhere [18—20]. This method
relies on the fact that the rsm is independent of the system

size at the consolute point. Another possible way of
determining (X, p7) is given elsewhere [17].

The coexistence curve guides us to set the conditions
(Xa, pr) for studying different equilibrium states and
separation kinetics. The study of the equilibrium states is
achieved by a MC technique (second type of MC), where
particle displacements and interchange trials are per-
formed. Additionally, the cluster growth is tackled by
means of a MC technique where only small particle
displacements are tried (third type of MC). This leads to an
approximated direct relationship between the number of
simulation steps and time [21,22] (this can be safely done
for hard core interactions [22]), and so, Kkinetic
information can be accessed. This information is measured
as the evolution of the CSD of the less concentrated
species with the number of steps. For that purpose, a
cluster is defined as a collection of bonded A-particles; and
a bond is formed by those A-pairs having a centre to centre
distance smaller than a bonding radius, r, = 1.50. Let us
refer to this MC technique as Brownian dynamics (BD)
simulations.

2.2 Kinetic background

In the classic aggregation framework, the time
evolution of the CSD of a diluted species, I_V(t) =
(Ni,N3, ...,N;, ...), N; being the number of i-size
clusters of A-particles, is described by the well-known
Smoluchowski’s equation [23,24]. This equation can be
rewritten in terms of a master equation to capture both
aggregation and fragmentation events [11,12,25]. It reads

dP(N,H 1 N
a " ad ki (Vi + D(V;+1+05)P (N 1)
_Ni(Nj - aij)P<N’ I)}

1 n—1 -
+ EZ N+ DY fi-iP <Ni(n—i)’t>
n=2 =1
n—1 R
- Nani(n—i)P(Ny f)
i=1

)

()
where the states ]T/,er and N ; are given by

- (...,N[+l,...7Nj+1,...,N,'+j_ 1,) fOI'i?sj,
No =Y N2 N =1, fori=j],

/A

o (G Ni= 1, N =1, Nigj+1,...) fori#j,
(N =2, Nai 1, 0) for i =j.

Here, P(]V, t) represents the system probability of
finding the system at the state N at time ¢, k; is the
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aggregation kernel, f;; is the fragmentation kernel, L %is the
area of the system cell, and §; is the Kronecker delta
function. k;; represents the ij element of the matrix of rate
constants for which an i-size cluster joins to a j-size
cluster. On the other hand, f;; is the ij element of the matrix
of rate constants for which an (i 4 j)-size cluster separates
into child i and j clusters. Both kernels must be understood
as orientational and configurational averages, which
contain the relevant physical information.

When all cluster encounters lead to a larger cluster
formation and no breakup events exist, the time evolution
of N is obtained by solving Equation (1) with f;; = 0 and

1
Ky = ko (74, @

where k;; stands for the 2D Brownian kernel [26-28], dy is
the cluster fractal dimension and k; is the dimer formation
rate constant. These conditions yield the well-known
diffusion-limited cluster aggregation regime (DLCA)
[29,30].

For reversible processes, the following fragmentation
kernel has been proposed [25]:

fii = ei(1+8) /(mA), 3)

where 7is the average dimer bond lifetime, the e;; element
gives the number of bonds contained in an n-size cluster,
which, on breakup, lead to i and j size fragments, and .4
is the average number of consecutive collisions that two
recently formed and space-correlated child clusters
perform before diffusing away. This ij entry is given by
Ny = ,/1/]1(1']')1’ , 411 and b being parameters to be
determined [31-33].

Expressions (1)—(3) model a system where all
collisions lead to bond formation and the produced
bonds live an average time 7 [25]. Briefly, it models an
effective A—A pair potential having no barrier and an
energetic well close to the A—A contact.

3. Results
3.1 Phase diagram

As mentioned in Section 2.1, the NAHD model phase
separates for A > 0 and a sufficiently large total number
density, pr. The coexistence curve, determined by means
of the semigrand canonical technique, is given in Figure 1
for L =500, 800 and 1000. As can be seen, both
conditions produce the same curve, which agree with the
data shown by Figure 2 of reference [6]. Note that the
coexistence curve is symmetric with respect to X (or
Xg =1 — Xa), since we forced A and B particles to have
the same diameter. The consolute point, i.e. the total
number density for X, = 0.5, corresponds to the value
given by the intersection of the curves shown in Figure 2.
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Figure 1. Coexistence curve for A = 0.2. Open square symbols
are obtained for L = 500 and open circles are for L = 800. The
inset zooms in the same data. Additionally, solid symbols point
out the conditions for which kinetic data are obtained.
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Figure 2. (m2)/{Im|)* — 1 is plotted as a function of the total
density, py, for L =500 (O), 800 (O) and 1000 (A). The
obtained consolute total density is p; = 0.675, given by the point
at which the curves cross.

We obtain a consolute number density value of
pt = 0.675.

In Figure 2, the fluctuations of X4, quantified by rsm,
become smaller by increasing the cell size when the
system is phase separated (pr > p7). On the contrary, by
increasing the cell size, the fluctuations become larger for
mixed systems (pr < p}). Thus, the decrease in the
fluctuations with pr is sharper for larger systems. As
already mentioned, the system size has no effect on the
fluctuations for the consolute number density.

Since the stochastic approach to be implemented for
describing the kinetics is reliable only for small
concentrations of the aggregating species, A-particles,
we focus our attention on X4 = 0.1. Specifically, as shown
in the inset of Figure 1, we set runs for X, = 0.025, 0.050
and 0.100. Having these conditions fixed, pr is set in order
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Figure 3. Snapshots (a quarter of the simulation cell) of
equilibrium configurations for L = 800 and X, = 0.025. (a) For
p=0.70 and (b) for p=0.79. A-particles are dark red and
B-particles are sky blue.

Table 1. Conditions at which kinetic data are collected®.

Xa pr

0.025 0.700 (a) 0.735 (b) 0.760 (c) 0.790 (d)
0.050 0.680 (e) 0.715 (f) 0.740 (g) 0.770 (h)
0.100 0.660 (i) 0.695 (j) 0.720 (k) 0.750 (1)

#They correspond to the solid symbols shown in the inset of Figure 1.

to study the equilibrium and aggregation kinetics on the
coexistence curve, over and under it, as shown by the solid
symbols of the inset of Figure 1. The corresponding
number values are given in Table 1.

As explained, equilibrium is achieved by a MC
technique using displacement and interchange trials. A
snapshot of an equilibrium configuration for X, = 0.025
and p = 0.70, i.e. under the coexistence curve, is shown in
Figure 3(a). As can be seen, clusters grow producing only
few oligomers. Accordingly, phase separation does not
occur. On the other hand, Figure 3(b) shows an

equilibrium configuration for Xa = 0.025 and p = 0.79,
which is well over the coexistence curve. In this case,
A-clusters grow yielding large sizes and consuming almost
all monomers.

3.2 Cluster growth kinetics

In Section 2.1, we stated that cluster growth kinetics can be
accessed by performing MC simulations where only short
displacements are tried, since there exists an approxi-
mately linear relationship between the performed number
of steps and time (BD simulations [21,22]). For instance,
assuming the particles to be immersed in water at 298 K,
and for o = 100nm, a relationship is obtained between
steps and time of approximately 1.37 X 10 >sstep™ for
all pr. This relationship arises from the comparison of the
diffusion coefficients as obtained by MC and smart MC
(smart MC is shown to produce BD results elsewhere [22];
BD cannot be implemented for hard core interactions).

The evolution of the normalised CSD with the number
of steps obtained by BD for X, = 0.025 and pr = 0.70 is
given in Figure 4(a), as well as the corresponding
equilibrium CSD (solid symbols). The CSD is normalised
by the initial number of monomers, which coincides with
the number of A-particles, Na. It is observed that the
number of monomeric units decreases to form oligomers.
This occurs during the first 10° steps yielding at most 8—
12-mers. From this point on, the system reaches
equilibrium and the number of the different n-mers
fluctuates around average values. These average values
coincide with the data obtained by equilibrium MC
simulations [solid symbols of Figure 4(a)], where
interchange trials are performed and a large number of
configurations are averaged.

Figure 4(b) shows the data obtained for X, = 0.025
and pr = 0.79. In this case, it seems that equilibrium is not

. -
A
v
T T T T T T =
101 10° 10° 107 10! 103 10° 107
NO Steps

Figure 4. Evolution of the normalized CSD for X, = 0.025 and pr = 0.70 (a) and pr = 0.79 (b). The symbols correspond to monomers
up to 50-mers grouped in logarithmically spaced intervals: ((J) monomers, (O) dimers, (A) 3—4-mers, (V) 5—7-mers, () 8—12-mers,
(<) 13-20-mers, (>) 21-32-mers, and (X)) 33-50-mers. Solid symbols correspond to equilibrium.



17:11 14 January 2011

Downl oaded At:

reached by the approximately 10 steps performed by the
BD simulations. This statement is supported by the fact
that the data obtained by the equilibrium MC simulations
[solid symbols of Figure 4(b)] do not completely coincide
with the final steps of the kinetic data. On the other hand, it
is also observed that the decay of the relative number of
monomers is approximately four times larger than for the
previous case. Additionally, few large clusters which
concentrate most of the A-particles are found by the
equilibrium MC technique [see Figure 3(b)]. That is, the
system phase separates.

The phase separation can also be pointed out by the
weight average cluster size, ny = Y ,i°N;/> iN;. This
quantity equals one for monodisperse conditions and rises
with increasing cluster size. Its evolution is given in
Figure 5 for all runs. n,, reaches higher values for larger
X, since a larger A concentration leads to bigger clusters
[compare the y-axes of Figure 5(a)—(c)]. For a given Xy,
the short time behaviour of n,, is quite independent of
the total concentration, pr, whereas it strongly differs
at long times. The almost independent short time
behaviour is due to the fact that the increase of pr leads

102 T T T T T T T
(a) v
A |
o'+ SN
°-
| ]
100 L
v_
102 - A
:g .......
10° °o
| ]
100 FEAARA : —
10°

v

A
102 SN .
°

10" [ ]
109 | | | | | L]
10' 102 10® 10* 10° 10®° 107 108

NO Steps

Figure 5. Evolution of the weight average cluster size, ny, for
all conditions: (a) X, = 0.025, (b) X, = 0.050, and (c)
XA =0.100. Symbols [0, O, A and V correspond to the
lowest, low-intermediate, high-intermediate and highest total
densities, pr, respectively, as plotted in the inset of Figure 1 and
given in Table 1. Solid symbols are obtained at equilibrium.
Dotted lines separate the runs with (Xa,pr) points above the
coexistence curve from those with (Xa,pr) points under it.
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to a larger p, and a larger bond lifetime (see Section 3.5),
which is compensated by a decrease of the monomer
diffusion coefficient (see Section 3.3). On the other hand,
the larger bond lifetime makes n,, increase at long times
for large pr, producing a higher equilibrium n,, value. In
fact, the equilibrium n,, values show a sharper increase
(close to an order of magnitude larger) with pr for those
conditions which lead to phase separation (each graph in
Figure 5 includes a dotted line among the data showing
phase separation and the data not showing phase
separation). Finally, it should be noted that equilibrium
is reached for the systems that do not phase separate (solid
symbols equal the averages of the n,, long time values),
whereas n,, for systems having phase separation does not
yield the equilibrium values.

Up to here, the phase separation kinetics have been
described in terms of the BD simulations. From here on,
we will focus our attention on generating the stochastic
solutions of Equation (1), by using (2) and (3). For that
purpose, we are forced to gain further insight into the
phenomenon to obtain the dimer formation rate constant,
ki1, the cluster fractal dimension, dg, the average dimer
bond lifetime, 7, and elements e;;.

3.3 Monomer diffusion

The dimer formation rate constant, k;;, assumed to be
equal to the collision frequency, is directly proportional to
the monomer (A-particle) diffusion coefficient, D,. Hence,
ki1 = CD;, where C is a constant which should not depend
on X or pr. On the other hand, the diffusion coefficient
can be measured from simulations by means of the 2D
Einstein relationship

2
Dy = tim 07

1—oo 4

; “

where (r(1)*) is the mean square displacement and 7 is the
elapsed time (in our case, the number of steps of the BD
simulation). So, D; can be obtained from a simulation
where A-particles are dilute enough to guarantee no
correlations among them.

The obtained D; values are given in Figure 6 as a
function of the modified total number density pyf, with

F=X3+ 1 —Xa)?+2XA(1 — XA)(1+ A% (5)

Factor f introduces a correction of the total particle
concentration to take into account the larger space
occupied by the A—B pairs. It considers the A—B mixture
as homogeneously distributed in space. As can be seen in
Figure 6, for the considered range of prf, we obtain a linear
decreasing behaviour of D;. The fitting reads
D; = 0.00268 — 0.00306prf. For larger prf values, D,
would exhibit a decreasing but nonlinear behaviour [34].
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D,/(10~*c?step™)

Figure 6. Diffusion coefficient of A-particles immersed in a
bath of B-particles. A-particles are so dilute to guarantee no
correlations among them.

Thus, an extrapolation of the fit for larger pyf values surely
leads to error.

As explained in Section 3.2, these results were
compared to others obtained by means of smart MC (not
shown) [22]. The smart MC results produce D/Dy =
0.8174 — 0.9330p7f for the prf range of [0.68,0.82], when
considering water at room temperature as medium,
o= 100nm, and no hydrodynamic interactions. The
comparison of both fits leads to a relationship of
approximately 1.37 X 10 >sstep ' between steps and
time, for prf ranging in [0.68,0.82] and
Dy=24x 10" "Zm?s .

3.4 Fractal dimension

The cluster fractal dimension is a measurement of how the
clusters fill the space. It affects the cluster diffusion which
in turn controls the collision frequency. A larger fractal
dimension implies a larger cluster diffusivity and a higher
big-cluster big-cluster collision frequency. It is given by
the relationship R, ~ i1/ R, = \/1_/1'2’,:1 |lr; — Feml?
being the gyration radius of the clusters, i the cluster size,
and |r; — rem| the distance between the monomer j of the
given cluster and the cluster centre of mass. Since our cell
is 2D, the fractal dimension, df, cannot surpass the limiting
value of 2. For 2D rigid DLCA clusters, its reported value
is 1.45 and for reaction limited cluster aggregation is 1.55
[26,28,35]. In our case, the structure of the clusters evolves
with time since they are not only flexible but liquid-like.
Nevertheless, we used the same framework to obtain
average values of different clusters on different times (for
rigid clusters the reported values are averages of different
clusters only).

Figure 7(a) shows a log—log representation of R,
against the cluster size for systems having X, = 0.100 and

@ =

10 F[o pr=0.66 00 []CXa=0.025
F|v pr=0.75 ] 1 ©Xa=0.050
i 1 [| & Xa=0.100
1 19fF % ]
' 1 5 [
L ] C
9 ] o
5 1 17y -
ovaannl P L o 1 v v v by 1y T
1 10 100 072 076 0.80
i prf

Figure 7. (a) Log—log graph of the clusters’ gyration radii
versus the cluster size for two systems with X4 = 0.100 and the
total densities pointed out in the plot. (b) Fractal dimension as a
function of the modified total density for all runs.

pr=0.66 and 0.75. In both cases a well-defined linear
growth is obtained, from which average fractal dimensions
can be accessed. These are 1.71 and 1.97, respectively,
which are clearly above the values obtained by irreversible
aggregation. These values point out the drop-like structure
of the generated clusters. In addition, they reveal that
larger total densities lead to much more compact clusters,
as expected. In fact, the value 1.97 indicates that clusters
are almost as compact as possible.

The fractal dimensions for all runs are plotted as a
function of the modified total number density, pyf, in
Figure 7(b). As shown, d; strongly increases with prffor all
Xa. Indeed, all data seem to define a master curve
suggesting that dr depends on X4 only trough factor f. The
fit leads to dy = 1.381 + 5.648(prf) — 1.812(prf)>. As
for the case of the diffusion coefficient, the fit cannot be
extrapolated for large values of pyf (as mentioned, it
cannot exceed the value of 2).

3.5 Dimer bond lifetime

In order to evaluate the fragmentation kernel, Expression
(3), it is necessary to know the average dimer bond
lifetime, 7. This quantity can be accessed by performing
simulations of a system containing a dimer (two A-
particles in contact) surrounded by a sea of B-particles.
Setting the same maximum particle displacement as for
the BD simulations, the number of steps needed to
break the dimer (produce a particle—particle distance
larger than the given bonding radius, r, = 1.50) is
registered. A histogram is built by repeatedly performing
this procedure for different initial configurations of the
B-particles at a given prf. Similar histograms are built for
different values of pyf. These histograms, once normalised,
turn into the probability density functions (pdf) given in
Figure 8(a). The inset of this figure shows the same data in
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Figure 8. (a) Probability density for a breakup event of a dimer
as a function of the number of steps. Labels (a)—(d) correspond to
prf = 0.702, 0.740, 0.772 and 0.790, respectively. The inset
shows the same data in a log-linear representation. (b) Average
dimer bond lifetime, 7, as a function of prf.

a log-linear representation. It shows a linear decay of the
density functions, pointing out their exponential beha-
viour. Thus, for all cases, a good fit of an exponential
density function can be achieved, pdf = exp(—t/7)/7
(not shown), except for very short times (a number of steps
below 25). Note that this definition of 7 coincides with the
one given in Section 2.2, i.e. the average dimer bond
lifetime, since the average value of this pdf is 7.

For increasing ptf, the pdf decreases for short times
(few steps) and increases for large times. In other words, 7
increases suggesting that there exists an attractive mean
force A—A pair potential well, which deepens for larger
p1f values. As mentioned elsewhere, this suggestion is in
fact a well-known effect [36,37], which may lead to phase
separation phenomena (for instance, this work) and
assembling processes [38]. As the contact density at the
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surface of the dimer increases (not shown), the pressure
which hinders the dimer breakup increases, producing
larger 7 values. In our case, the mean force A—A pair
potential coincides with the contact (or depletion)
contribution, since only an entropic term appears in the
free energy expression of the system (there is no energetic
term). In consequence, as the mean force A—A pair
potential well deepens, more steps are needed in order to
break the dimer, as easily seen in Figure 8(b) where 7 is
plotted against pyf. The dashed line corresponds to the fit
log 7= 13.03 — 33.46(prf)+ 25.17(prf)*. Again, extra-
polation of the fit may lead to deviations.

3.6 e;; matrix elements

As mentioned in Section 2.2, e; establishes the number of
bonds inside an (i + j)-size cluster, which, on breakup,
leads to i- and j-size fragments. This matrix was
determined by analysing different structures generated
by three-dimensional (3D) simulations in previous work
[25]. The obtained result was

et (14 85) = pie (i7" +7%) (i7" 47 ) @y,
with p}®=0.4391, p3®=1.006, p3= —1.007 and
pid = —0.1363, where super-index 3d stands for 3D

reversible aggregation. In this work, we adopted the
following expression:

(ipl +jp1) (l'_Pl _{_j_Pl)(l'j)Pz’ (6)

M| —

ey(1 4 8;) =

with p; and p, being unknown parameters which depend
on the structure of the formed clusters. Expression (6) has
the advantage of having two fewer parameters than the 3d
case. Here, the prefactor is forced to be 1/2 to make

mn

Figure 9. (a) ¢;; as obtained from direct counting on the generated clusters for X4 = 0.100 and pp = 0.695. (b) The corresponding

e;(1 + &) fit by using Expression (6).
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e;; = 1. In addition, there are theoretical arguments to
force the exponents of the second term to be the negative
of those of the first term [39]. Indeed, for the 3d case, we
obtained p%d = 1.006 and pgd = —1.007, which clearly
support this statement.

It has also been noted, as stated by Babu et al. [39], that
the use of Expressions (2), (3) and (6) for solving Equation
(1) does not generally lead to a detailed balance condition.
This condition represents a strong restriction of Equation
(1) [16,40], which has been used to deal with reversible
aggregation at equilibrium [41,42] since it leads to a
simplification of the general mathematical expressions.
Our choice is to deal with Equation (1) without imposing
any restriction.

The direct counting on the generated clusters for
XA =0.100 and pyr=0.695 yields the data shown in
Figure 9(a). By fitting Expression (6), we obtained p; =
1.186 and p, = —0.741, for this particular case [see the fit
in Figure 9(b)]. It is easily observed that the small—large
fragmentation is much more probable than the large—large
breakup (shattering fragmentation). Indeed, the value of p,
is much smaller than that of p3¢, indicating a lower large—
large breakup frequency for the 2D case. This confirms
that the large—large breakup is almost completely
forbidden, as a consequence of the drop-like aggregate
structure.

Since the structures compact for increasing pyf by
producing a larger number of neighbours and loops, e;
should also depend on pyf (loops and multiple bonds
hinder breakup which is accounted by e;;). Accordingly,
parameters p; and p, must be calculated for each
condition. By doing so, one obtains the data shown in
Figure 10. Here, p; and p, are given as a function of prf.
These parameters can be reasonably approached by p; =
1.824 — 4.237(prf) + 4.454(prf)> and p, = —5.805+
18.00(prf) — 15.01(prf)*>. Therefore, the number of
bonds inside a given large (i + j)-size cluster, which on
breakup leads to i- and j-size fragments, decreases as pyf

(@) 1.4 T
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Fo O X, =0.025] ]
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Figure 10. Parameters p; (a) and p, (b) as a function of prf.

increases (p, decreases). Since, in turn, p; augments with
prf, the e;; decrease is not very pronounced for small 7 or j
and very important for i = j. In brief, the breakup of many
internal bonds does not produce the cluster fragmentation
since there is a large cluster interconnection. Conse-
quently, the shattering regime enhances and the CSD splits
into a population of very large and very small clusters for
large prf (phase separation).

3.7 Stochastic solutions

At this point we know the dependence of each parameter
on prf, except for the proportional dimensionless constant
C (which should be a constant for all cases), the average
number of collisions the monomers perform when they are
space-correlated, /", and parameter b. Next, we tune
these three free parameters (restricting C as a constant) to
obtain solutions of Equation (1) to fit the data obtained by
BD simulations. Details on the algorithm employed for
solving Equation (1) are given elsewhere [25]. Since the
initial configuration of simulations has some dimers and
few trimers, we set a similar number of these oligomers in
the initial conditions for solving Equation (1) (<10% in
mass). The best overall fit leads to C = 20, and ./7; and b
as shown in Figure 11. The obtained stochastic solutions
are compared to the simulations in Figure 12 for all studied
conditions.

For all cases, the theoretical predictions and simu-
lations shown in Figure 12 agree well. The first two
columns of the figure show the evolution of the CSD
where no phase separation occurs, whereas for columns
three and four, the system phase separates. So, in the first
group, the solid symbols (showing the equilibrium data)
coincide with the long-time CSD obtained by the BD
simulations. Additionally, in these cases, the cluster size
distributes with a relatively large proportion of oligomers
and no super-cluster (a drop having more than 81
A-particles) is seen. On the other hand, the second group

LA B B L AL A B
[0 X,y=0.02
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I 5 | OX,=0.100
80 [ -
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2¢)
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prf

Figure 11. Fitted parameters ./"y; and b as a function of pyf for
all conditions.
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Figure 12. Evolution of the normalised CSD for all conditions. The labels on the graphs correspond to the conditions shown in Table 1.
The symbols represent monomers up to 80-mers grouped in logarithmically spaced intervals; (C1) monomers, (O) dimers, (/) 3—4-mers,
(V) 5—7-mers, (©) 8— 12-mers, (<) 13-20-mers, (B>) 21-32-mers, (X) 33—50-mers and (®) 51—-80-mers. Solid symbols correspond to

equilibrium. Lines are the stochastic solutions of the master equation.

is characterised by a larger time evolution for approaching
equilibrium, which consists of the formation of a super-
cluster (largest drop) and a depletion of the oligomer
population. This larger time evolution is evidenced by the
fact that solid symbols do not coincide with the long-time
CSD obtained by the BD simulations. Nevertheless, in all
cases, the stochastic solutions reach equilibrium in < 10°
steps, and practically agree with the MC equilibrium data.
Consequently, the stochastic approach also points out
phase separation by producing a super-aggregate and a
final CSD with a relative lack of oligomers.

The stochastic method also predicts two different
mechanisms for the growing of the largest drop (not
shown). The first mechanism is by coalescence with other
smaller ones (aggregation). The second mechanism is
produced by the diffusion of the monomer gas phase in
quasi-equilibrium with the smallest drops towards the
larger one, leading to an overall mass transference. This
process is similar to the Ostwald ripening effect observed
in micelles [43]. It should be noted that the time scale of
both mechanisms is much larger than that accessed by the
simulations, and so, the stochastic approach is useful to
gain further insight into these long-time effects. These two
mechanisms were already pointed out in previous work
[40]. As mentioned in Section 3.6, ¢;; is large for small i or
j (i+j = constant) and very small for similar i and j.
This enhances the second mechanism, which in turn

becomes relatively more important as the drops grow and
their diffusion coefficients diminish.

The ./} values shown in Figure 11 are much larger
than those reported in previous works [31,33,40], and it
makes evident the very large values here reported. In this
regard, there are three points to be noted. The first is that
our simulations are 2D, instead of 3D. The second point is
that we are working with a very crowded system, by
explicitly accounting for the more concentrated species,
B. Thus, the diffusion away of two A space-correlated
particles is much more hindered. Finally, it should be
noted that the value of ./}, implicitly depends on the
definition of the bonding radius, r, = 1.50, employed for
obtaining 7. By increasing r,, the choice of which is
somewhat arbitrary, 7increases and, as a consequence, the
obtained fit of .7, decreases to keep a similar
fragmentation kernel [see Expression (3)].

Figure 11 also shows the practically linear increase of
11 with prffor X4 = 0.025. Although 7 accounts for the
increasing depth of the A—A pair potential well, it does not
take into account the potential tail for A—A distances
larger than r,. Consequently, parameter ./, increases for
compensating this fact (the effective fragmentation
diminishes). On the other hand, parameter b keeps nearly
constant around 0.55. This indicates that e; elements are
independent of prf, as expected. Notwithstanding, for
Xa = 0.050 and 0.100, there appear deviations from a
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linear behaviour of ./7; with ptf, and from b = constant at
large prf. Indeed, for X, = 0.100, deviations turn
important even for intermediate values of prf. Our belief
is that these deviations point out a dependence of 7 with
time, as a consequence of the system rearrangement,
which our model does not account for. That is, the system
evolves releasing free accessible space, shallowing the A—
A pair potential well and, in turn, decreasing 7. This
unconsidered effect is larger for A-concentrated systems,
which affects the fitted parameters. Finally, one should
keep in mind that the theoretical framework is expected to
work for diluted conditions only.

From our point of view, one major goal of this work is
the employment of a kinetic framework (the master
equation and the aggregation and fragmentation kernels)
to reproduce the binary mixture phase behaviour and
separation kinetics. It should be noted that this framework
contracts the vast statistical information of the system in
just the CSD of the A-species, explicitly letting aside all
particle positions and momenta. Therefore, it seems a
priori difficult to describe the general behaviour of the
system with this little piece of information. In fact, for
achieving this goal, we had to introduce some matrices
containing averages of some relevant structural infor-
mation, such that defined by the e; elements, and some
others accounting for some spatial cluster—cluster
correlations, .4j;. Without such averages (or others
following the same spirit), the framework would not
succeed. Hence, we would like to remark on the very nice
agreement between the stochastic solutions and simu-
lations depicted in Figure 12.

4. Conclusions

This work deals with the phase behaviour and kinetics of
phase separation of a NAHD symmetric binary mixture
in two dimensions. We reported the phase separation
coexistence curve by means of a MC semigrand
technique for the case of a non-additive parameter of
A =0.2. In addition, BD simulations for conditions
defined below and above the coexistence curve were
performed to follow the less concentrated species
aggregation kinetics. We found that clusters grow
producing a stable distribution of oligomers for
conditions below the coexistence curve, whereas the
system evolves towards a polarised CSD having a rare
cloud of very small clusters and a huge drop-like cluster
for conditions above the coexistence curve.

Most of this paper, however, focuses on modelling the
above depicted phenomenon with the use of a kinetic
approach. To our knowledge, it is the first time this
approach is employed to deal with a liquid—liquid phase
separation phenomena. The approach provides a reduced
description of the phase separation processes, and forces
us to gain further insight, since relevant structural and

dynamic information is needed in order to build the
framework. Thus, the cluster fractal dimension, the
monomer diffusion coefficient, the bonding cluster
structure, the average dimer bond lifetime and the
average number of collisions which two space-correlated
clusters perform before diffusing away are measured as a
function of the different system conditions. The frame-
work, which employs this information and keeps a
minimum of free physically based parameters (to guaranty
a good level of confidence of the obtained results), turns
out the evolution of the CSD to be compared to
simulations. The good agreement obtained between
theory and simulations and the correct behaviour of the
fitted parameters signal the solid base and the consistency
of the developed model.

Finally, we should emphasise that kinetics, basically
characterised by diffusion coefficients and average bond
times, gives rise to the same final states than equilibrium,
which is mostly ruled by effective pair potential energies.
This reveals a clear link between the two approaches, and
evidences that the studied system does not present
metastable regions.
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